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j O(√g) ²¡jkzOzOnpe:µ_hP)j`phe<gæ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jknbQT`bLwQRQcjk^bhQc^s`ekgwQH^jrPe<gOjk ã ÝM²ªde<PRzwQ`bQRzOnbe<OQP)^Z]hgwdQ<§jk^p^afwPRhgOÝ 6= ã Ý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 +G8H;³º &I1­L{jk^7JQQHg
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Ai+1 (mod 2g +1)
Ô
i =







i = 0, . . . , 2g
Ô
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  òò  «AQ<h¨<Q³LOQHnbQW`pLOQzOnpeDek£¯ek£zwjkna`  P§_`pLOQzOnpe]er£¯ek£¯zwjkna`  }h^<h¨<Qghgutzwz{QHgw|_hµ.u*
L
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÷>6OÞ & 1`
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C = {c1, . . . , cr}
§oh`bL |ci| = 3 0KMLOQe_djknbQHzOj<dQHPRQHgD`
f
^afO{^s`ph´`pf_`bQc^M£¤eknQcjkdlLQHQHPQgD`
ci = {x, y, z} ∈ C
§O`bLOQ<npjkzOL

























1 ≤ j ≤ 9 £¤e<nQHjkdlL#^afww^aQ` ci § 1 ≤ i ≤ |C| Ve<nbQzwnbQcdhi^aQH\<§







































































































































OPT (I) ≥ |C|3B
&M¢QgwdQ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OPT (I) − c1 ≤
OPT (f(I)) − c2
*K¯e^bQQT`bLOhi^H§QRek{^aQHnb¨<Q`bL{j`













²¡npQH|_fwd`bhekgw^¦jrgw| +0á*â M{÷:; &I1T§
B ≥ 3 jrgw| lÄ5436Oõ yW÷L6_Þ &I1T§
B ≥ 5 jrnpQH+È¼ö­÷ ã Ý²¡dekPzOQ`bQ  QjrgBw 2oKML]fw^H§R+G8H;³º &I1T§ B ≥ 10 hi^+æ¼ö­÷ ã ÝM²ªde<PzOQ`bQ<K¯ezOnbe¨<Q¢`pLOQj<^s`tdjkhP.§_gOek`bQW`bLwjr``bLOQ<npjkzOL













































ρ(G) = |E(G)||V (G)|

K¯eA^bQQ`bLwjr`Ü¾ÅÄ¯ÆÁº»®¼½]½]¾¤¿ÁÀR»®Â¯Â¯Ã¢¾ÅÄ¯Æçhi^ThgéáRÝtâY£¤eknjrg]\#¹Oµ_QH|
g ≥ 1 §7¥QLwj:¨<Q)`beA¹wgw|jde<gw^s`ljrgD`a²2£Éjkd`be<n¢jrzOzwnbe:µ_hPjr`bhekgjrke<nbh`bLwP¢«AQRfw^bQ`bLwQ£Éjkd`³`pLwj`³`bLOQRJQH^a`³zJe<^p^ahOQT|_QHgw^ah`s\
ρ∗
ek£7jkg]\^bfOOknljrzwLfw^bQH|hg.`bLOQ*zwjrnb`bh`bhekg.er£`bLwQnbQcìDfOQH^a`tknljrzOLhi^ O(√g) §wkh¨kQHg.D\#¶¤zJe<^p^ahO\jè^bfOO<npjkzOLéek£p¸)jædhnldfOijrgD`)knljrzwL ätS¥VàZ_k(2­«#QzOnpe¨kQ`bL{j`)`bLwQvde<^a`
A
er£jrg]\Ç^ae<f_`phe<g
R1, . . . , RW
h^*hgè`pLOQhgD`bQnp¨jr
[ |E(R)|ρ∗ , 2|E(R)|]
KMLwh^TdQHjrnp\vhPzOhQH^`pLwj`Rjrg]\A^bekf_`bhekgæL{jk^
de<^a`j`Pe<^a`
2ρ∗ = O(√g) `phPQH^`bLOQ)e<z_`bhP)jr¦de<^a`HK¯e.^bQQ`pLOhi^§¯gOer`pQ`bLwjr`QHjkdlL#QH|OkQer£ RdekgD`bnphOf_`bQc^j`Pe<^a`M`shdQ`beR`bLOQde<^a`H§O^be
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Æ iÓàáTÝ¢âÙ'lÐ7RÍÎªÍFÐÑqRR s DÍP
g ≥ 1 { gT!Q]ÓlÔ\ÅÎ<ÐHÍÓJÐrÎ vlÍIJÎNÝ³ºá÷ Q .RÍGÓlÓtÝ
= ã Ý {
  òò  Z_kQ`ldlL0«#Q.zOnpe¨kQ`pLwj`Ü¾ÅÄ¯Æ º»®¼¯½D½]¾¤¿ ÀR»JÂÂ¯Ã¢¾ÅÄÆ­h^áRÝtâ*²ªdekPzOQ`pQQH¨kQgéh´£WQ
^bfOzOzJe<^bQ`pLwj``pLOQR|OQknpQQTer£o`pLOQRnbQcì<fwQH^a`³knljrzwLvh^WJekfOg{|_QH|àD\vjde<gw^s`ljrgD`
















































































g = 1 
  hg`bLwQzwj`pL£¤e<n
g = 2
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Ã³¾ÅÄÆiÓRáRÝtâÙ'lÐ7RÍÎªÍ&ÐÑ  Zs DÍP
g ≥ 2 {
  òò  utDjrhg§c`bLOQnbQc^afw´`Lweki|O^QH¨kQHg£¤eknJekfwgw|_QH|gDfwP*JQn
B
er£OnpQHìDfOQc^s`l^zJQngOe_|_Qk§


















`pLOQàhgOzOfO`H u³^¥QA^pj:hg Z_QHdG`phe<g±O§¢ek_`ljrhgOhgw0j O(√g) ²¡jkzOzOnpe:µ_hP)j`phe<géhi^`bnph¨]hijr2 Z]hgwdQhgzwnpj<dG`bhidjkJjkzOzOhdHj`phe<gw^ZwUW°tx¦K­«­¬³V nbhgOD^¥jknbQ³h|OQ\)fw^aQc|j<^{jkdl]{e<gOQ¢e<z_`bhidjk®gOQ`s¥eknp_^
 VvË¯Or§¬Wyt< ¡§:`bLwQ¥<nbe]e<PRhgO£Éj<dG`peknhi^fw^bfwjr\<nbQcj`bQHn`pLwjrg*`bLOQM^ah©Q¥er£_`pLOQ¥gOQ`s¥eknp®§ch2 Qk
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R \ (R1 ∪ · · · ∪Ri−1)
fw^ahgO*`bLOQWjrkeknph`bLOP
er£  ëm#QwS£¤e<nM`bLOQ  6OÄ:E/6
k
&G÷>05?®Æ¯»®¼õOßàzOnbe<OQP.







B2, . . . , Bk∗−1, Bk∗
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ÍP DÍGÓ { gTOÍ*AÎWTOÍ kÑbÍlÍP \JÑbÐUlÍvQ_ÑbÍ)Ð {ÎªÍX
 ÐZ	9R  DÐÑrÅÎWT! A Ï¦Í*Ð}ÎX RÓÐRSQ_ÎÉÐàÐlÐ:ÓGÎ OPT2 ÓrQ.PTÎT.Î OPT2 ≤ O(log n) · β ·OPT1 {


























e1, . . . , eg1
¶





eg1+1, . . . , eg1+g2
¶
























































ρ1, . . . , ρs
{QW`bLwQ|_Qgw^bh`s\er£¯`bLOQc^aQ^bfOO<npjkzOLw^H¯«#QLwj:¨<Q`






























































≤ β · OPT1|E(R′i)|
≤ β · OPT1









m − j + 1) · OPT1 ≤ β · log(m) · OPT1 ≤ 2β · log(n) · OPT1

  î]ò  î   	9R  DÐÑrÅÎWT! A iÓ\wÐR®Ð]pR ÙªÎÍ
PJÑpÐ
rÎÉÐ*R  DÐÑrÅÎWT!åÎT.Î v®ÑbÐÎªÍGÓÜ*¾ÅÄÆçº»®¼½]½]¾¤¿éÀR»®Â¯Â¯Ã¢¾ÅÄÆ"Ï,ÅÎT m7_Î¡ÐrÑ O(n1/3 log2 n) ÐÑ  g ≥ 1 {
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2i ) − 1 = 2n − 3
^afOwzOnbe<OQP)^M«#Q
zwnbe¨<Q³gOe±`bLOQjkzOzOnpe:µ_hP)j`phe<gkf{jrnljrgD`bQHQ`
• «AQdjkhP `bLwjr` OPT1 ≤ 2 logn ·OPT  ªgw|_QHQH|§wQ` ci JQ`bLOQe<z_`bhP)jrdeD^s`Mer£`bLwQ^bfOw^bQ`er£npQHìDfOQH^a`p^oer£®QHgOr`pL)hg`pLOQthg<`pQnp¨jr
[2i, 2i+1)
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δ < 1/3  $ <	 J
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H úüþ:û A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
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  ò  ò 2 2É_ ïxlp.ÎTwÍvÑbÍPOQwÍGÓGÎF rÑP4T
R
iÓ.ÓrQ.PTçÎWT4Î]  zR rÑ DÍAÍJÐQ UTçÓPQ.}X kÑv.T
H ⊆ R Ô kÍOÓÍGÓGÎ*ÓPQ.}X kÑv.T
(A ∪ B, E) ÓÎiÓWsÍÓ |A|, |B| = O(√g)  |E| = Ω(g) ÔTÎWTOÍ<ÐÑ< lÐOÓGÎXwÎ
ε > 0
ÎTwÍÑbÍAÍiÓGÎ·ÓqwÐRJÐ]pR´ÙªÎ)Í*R  DÐÑrÅÎWT!: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&G÷>0:?JÆ¯»®¼õOß\]hQH|O^7j O(α log2 n) ²¡jkzOzOnpe:µ]hP)j`phe<g£¤eknoÜ¾ÅÄÆ#º»®¼½]½]¾¤¿AÀR»®ÂÂÃ³¾ÅÄÆ7«#Q³^bfw^bz{QcdG`¥`bLwjr`¥jT^ahPhijrn¥nbQc^afw´`¦hg`pLOQWer`bLwQn|OhnpQHd`bhekg^bLOekfw|jk^beQµ]hi^a`H7ä¥QHdjkfw^bQter£`pLOh^H§]Q
dekgqsQcdG`pfOnbQW`pLOQ£¤ekehgO








    { 	9]. {	 ÑbÍ.®ÍGÓ
 { gQ






 ätS¥k  r²aS³ä¥QnpPRe<gw|àjkgw|à¬TSe<fw|_Qnb`HzgTOÍ<n	nC  }lÐcÐHÒàÐ noÐ}_gÎªÐÑrpR YRÍGÓrS OÓ
 ÚæÍPÅÎÉÐ§¦dlLwjrzO`bQn
¢ Gü<_§¦ôWnbe]ekPhgOwæS¥ytS monbQc^b^H§S³ woSek{e<fOnpg0jrgw|0w M
¬¢hgOh`b©Qc|_h´`phe<g§{kkkw¯K¯ejrzOzJQHjknH
 ätS¥VàZ_<(r²aS³¯ä¥QnpPekgw|§¬T7Se<fw|_QHna`c§TVvfOek©<§jkgw|æ GZ_jrfvK¯nljdôWnbe]e<PRhgOvhgÈä¥h|Oh´²
nbQcdG`bhekg{jr«­¬WV yhgw°tQ`s¥eknp_^7 ªg¥Ù   'n7  Ìn  &0Ú<Øm7	9	 §
¨kekfOPQO§_zwjkkQc^/OkO§]kkkw
 S¥Ë    K_SLOeçjrg{|m {DËhgKMLwQtnbhgO<nbe]e<PRhgOzOnpekOQP.Ì*ÍÎ2Ï¦ÐÑbÒÓl§    `    _rD_§rr<   
 S¥Vv<( uJSLOhfjrgw|xt MJVe_|_hjkgOew7K¯npjrd¢<nbe]ekPhgOjrkeknph`bLOP)^£¤eknnpQH|_f{dhgOQQHdG`pnbe<gOhid
P*fO`bhzOQµ_hgwÈde<^a`p^Rhgé«­¬WVnbhgOègOQ`se<nb_^H!  4	]ÐQ_ÑrR¢Ð LS ~T]Î2Ï2tÍ
wÍPPT!JÐRÐv ;§/{¶sc¸_` J:_§Dkk<O
 ¬MQK( xt¬³QP)jkhgOQ<§7Væ¯K M¢jqshijr<Lwj:\]h·§¯jrgw|*Q7S³3Qj:Mjrnljrwj:\Djk^bLOh·)u¢<eknph´`pLOPhd<npjkzOL
PRhgOe<n`pLOQe<nb\g`¬³QHde<Pz{eD^ah`bhekg§jkzOzOnpe:µ]hP)j`phe<gjkgw|dekeknphgO{r ªg*Õ:ÎWT\	9. Q.R(
7OÐÓPQ ÊÐ  ÐÎÉÐOÓMÐ9n7ÐZgQ_Î¡ÍÑ E_ÉÍlÍ    n :§zwjr<QH^<D_   O§cUWd`bekJQnrk^K_
 ¬WytO  y¬¢f_`b`pjjrgw|àôR °Êyekfw^bjk^HWU³g#U³z_`phP)jkK¯npjrd*ôWnbe]e<PRhgOhgv«­¬WV yhgOD^³ ªg
 ÑbÐUpÍlÍP! ÓTÐ'7	n [ S )ÍÎ·ÑrpÓ  ÍÑWÐÑrgpÍ§Jzwjr<QH^WH   J   §]S¥jrPTOnph|_<Qk§Or<O<
 ¬Wyt<( yD¬³f_`b`pj*jkgw|)°]ye<fw^aj<^K¯npjr)dM<nbe]e<PRhgOhg)«­¬³V gOQ`s¥eknp_^`mj<^s`¥jrgw|£¤fO`bfOnpQk
±Ì*ÍÎ·Ï¦ÐrÑbÒ§Hw¶·<¸_`    KkO§]rkD_
 x¦Ë¯    Ëooxoz{^s`pQhgçjkgw|çuoËQ¨]hg­äQ`a`pQnä¥ekfOg{|O^R£¤eknVhgOhPh©HhgO0Z{UW°tx¦Ku¢¬WVv^H" ªg
| 	  	§]zwjkkQc^t O_   §Dä¥QnpkQg§]°¢eknp¥j:\<§Ork   
 ëVàZB"®^K$èVætëjkPRPhgOh2§Ë¦tVe<^pdjknp|OQh2§³Væ¢Z_LwjrekP.§jrgw| Z® "®jr_^HutzwzOnbe:µ_hP)j`bhgOé`bLOQ
`bnljdRknpeDe<PhgOzOnpekOQP.) ªgçÎWTOÍ× :ÎWT_wÎªÍÑrgÎÉÐR 7wÐ:ÓrQ  Ðm	9R  DÐÑrÅÎWT!TÓ
 noÐ7Q_ÎIÎÉÐ  S 	7	n§_ËQcdG`bfwnbQ°tek`bQc^hgàSekPzOf_`pQntZ_dhQHgwdQD<_§]Z]zwnbhgOkQHna²

7Qnpjkw§_zwjkkQH^ wUK<   §<¬³QHdQPT{QHn³r<K_
 ëm#QO  JwëwQhkQk§_¬TOmQQ{§]jkgw|.ôR7Q¢e<na`l^bjknb©<KMLOQ¬¢QHgw^bQ
k
²ªZ]fwOknljrzOLm¦nbe<OQHP.,	9R  DÐÑrÅÎWT]Ù
pP§® {¶É<¸_`   H!   Ok§<kkwk
üôy¢Z ( UTôWQHnp^a`bQH·§yytjrP)jk^bMjrPh·§®jrg{|AôRZ_j<^bjkDh2TSe<^a`³x JQcdG`bh¨kQ)K¯npjrdRôWnpe]ekPhgwhg




 M¢¬Wyt<( Z® M¢fwjrgww§7y¬¢f_`b`pjw§ojrgw|0ôR °ye<fw^aj<^K¯npjr)dôWnbe]ekPhgOvhgÈm7j`pL§oZD`pjknH§7jrg{|
KnpQQt°¢Q`s¥eknp]^a`Se<PRzwQµ]h`s\k§Dä¥ekfOgw|w^§Djrgw|)u¢<eknph´`pLOP)^L _ÐQ_ÑrgRJÐ Í_RÍvÎªÍv
	³ÑbÍP:Ó noÐ]Q  pPÎÉÐOÓG§®   ¶   ¸_` < D_§DutzOnphrk<O
 Mte< w&  GMte<\<QncJKMLwQt°tm7²aSekPzOQ`pQgOQc^b^¦er£Z]ekPQx¦|OkQ²¡m7jrnb`bh`bhekgmonpekOQP)^H  	F[ _ÐQ_ÑGÙ




rÎÉÐ  ÑbÐalÍÓlÓP! ¯ÍÎ·ÎªÍÑlÓG§O]!`ü<_KO§w/ O<
 QLOeD    Z®DQLwer`HyfwhgO*e<f_`¦m¦Ku³Z)£¤eknknljrzOLPhgO²2Ohi^bQHdG`phe<g§]|_Qgw^bQH^a`^bfOO<npjkzOLjrgw|whzwjkna²
`bh`bQ*dhiìDfOQk ªg   n {§_zwjkkQc^Hk!J   K_§]r<   




üZ_K^K$ uOZ]fO©HfO]hJjkgw|)KDK¯ek]fO\DjrP)jO¬³Qgw^bQ³^bfOO<npjkzOL)zOnpekOQPÊnpQ¨]h^bh`bQH| ªg _ÐwÎ | ÐÑbÒrÙÓ'TwÐvÉÌTÍÏo *ÐrÑr

ÐOÓ  noÐ7Q_Î^ FJÎXrÎiÓGÎpPRZ[àÍPPT4 pPR7	JÑbÐUPT Î¡Ð
 ÑbÐ}P}_RViÓGÎpHrUÐÑrÎÉÐ  ÑbÐUpÍÓlÓr^ ª§{Djrz{jrg§_<fO\.r<K_
üZ J)"®D$ VæZ]Lwjke<P§®«} J¢gOkQHnH§jrg{|AZ®:"®jk]^H*U³gv`pLOQ)Se<PzOQµ_h´`s\.er£¦`bLOQ)K¯npjr)dRôWnbe]e<PT²
hgOèmonpekwQHP hg"U³z_`phdHjrt°¢Q`s¥eknp]^HÇ ªg  Q "Ï,ÅÎT 	9R  <ÐrÑrÅÎT *ÓlÔÕOÎWTGr{Î¡ÍÑrrÎÉÐRn7ÐaÍÑbÍlÍ§{zwjr<QH^rDO<]<§]kk]]
"®Vv<( Q$"JL]fjrg{|ä³HVfO]LOQn·qsQQ<kuænpQ¨]hQ#er£]`bnljd7<nbe]ekPhgOMhg«­¬WVe<z_`bhidjkkgOQ`se<nb_^a`
utnldlLOh´`pQHd`bfOnpQH^jkgw|dlL{jrQHgOkQc^  JÎpPR{ÌTÍÎ2Ï¦ÐÑbÒÓG§   ¶2k¸r` KK]   §_rk<O
898 	M36M
c  { 	9]. {	 ÑbÍ.®ÍGÓ
 { gQ














npQH^bfO`¶¤zwjkna`  }Iek£KMLwQeknpQP :¸r`














Ai+1 (mod 2g + 1)
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i = 0, . . . , 2g
Ô4ÐrÑr:7ÐÑbÍÓGÎÉÔ
ÎWTOÍLJÑbÐ}_RÍ_ ÐEs2^ *ÎTwÍZ]Q  .Q }lÍÑtÐ'tÍva <ÍiÓ
	ÐwÎ
C2g+1  ÓN G iÓ³áRÝtâÙ'pÐZ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0, . . . , 2g
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